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ABSTRACT. Given a flow o(uj,t) = u> ■ t on a compact metric space fl and a continuous n x n-matrix A(ui), the family of ODE systems i = A(w • t)x defines a linear skew-product flow on W = fi X X, X = Rn or Cn. Let W = U © V be a Whitney sum and P: W -► W be the correspondent projector.
Result: the subbundles U and V are invariant for the flows induced by A(uj) and B(w) iff A(iJ) -B(ui) commutes with P(u>) for all u; € fi.
As is known (e.g. see [1] ), given a flow o(oj, í) = w-íona space fi (usually compact metric) and an n X n-matrix A(uj) which is continuous on fi, the family of systems
naturally defines a flow (so-called LSPF [1] ) on the product space W = fi X X. Let W = U © V be a Whitney sum subbundle decomposition and Xu, U^, V^ be corresponding fibers so that Xw = UUJ®VJJ. Then there is an uniquely determined projector P: W -> W with range P = U and null P = V (i.e. P(oj) = P\XW is a continuous projection Xu -► Xu with range P(w) = U^, null P(w) = Vu, so that P(uj)u = u, P(u)v = 0íoTueUu,ve vu).
The subbundles U,V are said to be invariant for (1) if every solution of (1) starting in U or V remains in it for all i. If this is the case, we shall say for brevity that P is invariant for (1) .
The purpose of the present paper is to establish the following surprisingly simple result.
Theorem.
P is invariant simultaneously for two systems (1) and (2) y = B(u-t)y if and only if B(w) -A(uj) commutes with P(oj) for all u 6 fi.
LEMMA, (i) P is invariant for (1) iffx(t) = P(w-t)x(t) is a solution to (1) whenever x(t) is. (ii) If P is invariant for (1), then P(uj ■ t) exists and (suppressing w • t)
(3) P = AP-PA forallujandt.
(iii) IfP(oj) is a continuous projection on fi such that P(w ■ t) exists and satisfies (3), then P is invariant for (1).
PROOF. In what follows we denote by £(t) a solution with £(0) = £.
(i) -* Pick u € Vu, v € Vu and consider the solutions u(t), v(t). By assumption, ü(t) = P(uj ■ t)u(t), v(t) = P(uj -t)v(t) are also solutions, and we have ü(0) = P(w)u = u, v(0) = P(w)v = 0. By uniqueness, ü(t) = u(t), v(t) = 0 which means u(t) €E Uu.t, v(t) e Vu.t.
<-Pick any solution x(t), x(0) = x € Xw; then x = u + v, u€Uu, v € Vu. Since U, V are invariant, we have u(t) 6 f/^-t, v(t) G K,.¿. Also x(t) = u(t) + v(t), and so P((jj • t)x(t) = u(t), a solution to (1) .
(ii) Fix an arbitrary w € fi and a basis xi,...,xn in Xw. Let X(t) be a fundamental matrix of (1) with vector-columns xi(t),...,xn(t).
By (i), the invariancy of P implies that X(t) = P(oj ■ t)X(t) is again a fundamental matrix of (1). Hence (suppressing t and w • t) P = XX-1 is differentiable and P = XX-1-rX(X-1)=AXX-1-XX-lA = AP-PA.
(iii) Let (3) be given and x(t) satisfy (1). Then (Px)' =Px + Px = (AP -PA)x + PAx = APx,
i.e. x = Px is a solution to (1) . Now (i) implies (iii).
PROOF OF THEOREM. Let (B -A)P = P(B -A) and P be invariant for (1). Then by (ii)

